YcnosHoe pacnpeaeneHue

OKTA6pb—Aekabpb 2023 1.

Kypc nekuuii «Teopusi BEPOATHOCTEN»



OrnaBneHue

« YcnoBHOe pacnpefeneHme AUCKPETHbIX CTyYanHbIX BENYUH

* YCNOBHOE cpeaHee ANCKPETHbIX CAlyYanHbIX BEMNYNH
 YcnoBHOe pacnpefeneHmne HenpepbiBHbIX CTyYalHbIX BENNYUH
« YcnoBHOe cpefHee HenpepbIBHbIX ClyYanHbIX BENYNH

* HesaBncmmocTtb CﬂyqathbIX BeMNYUH B CpegHeM



YcnoBHOe pacnpejenieHne AUCKPETHbIX C/lyvYaiHbIX BEJIMYMH: onpejene-

Hue

MycTb 3aiaH ABYMEPHbIN AUCKPETHbIN CyYyanHbln BekTop [X, Y], n
pjj = P(X = x;,Y =yj), i=1,..,m,.., j=1,.,n,..

— ero pacnpegeneHue. 0603Haunm

P;. = ZP,’,’: P, = ZP,’,’

j i
MapXXMHasbHble pacnpeneneHns KOMMNOHEHTOB X 1 Y COOTBETCTBEHHO. Toraa
P(Y =y X =x) =0
( ‘yjl ‘X,')‘p_i.‘p”,'-

OnpepeneHue L
Ha6op {p”,-,j =1,...,Nn,...} HA3bIBaeTCA YC/TIOBHbIM pacnpeaeneHnem cnyyamHom

BENMYMHbI Y npu ycnosun X = X;.



YcnoBHOE pacnpeaeneHne AUCKPETHbIX Clly‘-laﬁHle B€JINYMUH: CBA3b C

HE€3aBUCUMOCTbIO

Mpepnoxexune 5
JluckpemHbie cnyyauHble se/luduHbl X U Y Hesasucumble mo20a U moJsibko moz2aaq,

koz20a ycnoeHbie pacnpedenenus {p;;,j = 1,...,n, ...} 8enu4UHbI Y npu ycnosuu
X = X; He 3asucam om x; (u coenadarom ¢ MapXXUHANbHbIM pacnpedeneHuem p.j).

JloKka3aTenbCTBO.
[lencTBUTENbHO, €CAN P; ) = P; (He 3aBucaT ot i), TO P;; = P;. - Pj» OTKyAQ
P.j=X;Pjj=X;P;.P; = Pj W p;; = P;. P.j, YTO 1 03HAYAET HE3ABNCUMOCTb. O

AHanormyHoe npeanoXeHne CNpaBeanMBO 1 ANA YCNOBHbIX pacnpeaeneHuni Pijj
BeNINUMHbI X nMpu ycnosun Y = Yj-



YcnoBHOe pacnpegeneHue AUCKPETHbIX C/ly4aiHbIX BE/IMMUH: MPUMEp

PaccMaTpuBaloTCA CeMbMU C UMC/IOM AeTel He 6onee ABYX. X — UMCNO aeTen B
cembe, Y — uncno aeBouek B cembe. Tabnumua cCOBMeCTHOTO pacnpefeneHus:

X\Y 0 1 2

0 1/4 0 0
1 1/4 1/4 0
2 1/16 1/8 1/16

1. HauTy map>xmHanbHble pacnpeaeneHus X u Y.

2. dsnawTca nu X n Y He3aBUCUMbIMA?

3. HanTwn ycnosHble pacnpeaenenua Y| X = x;, X| Y = Y-

4, TlyCTb Z — 4NCNO MANbYMKOB B Cembe. ABNATCA NN Y U Z HE3aBUCUMbIMUN?



YcnoBHOe pacnpegesieHue AUCKPETHbIX C/yvyadHbIX BeJIMYUH: pa3bop

npumepa

Mapmm HaJ/ibHble pacnpeneneHuns:

0 1 2

X 14 1/2 1/4
Y 9/16 3/8 1/16

3aBucumoctb XM Y: P(X =1,Y=2)=0,P(X=1)-P(Y =2)=1/2-1/16=1/32 2 0.



YcnoBHOe pacnpegesieHue AUCKPETHbIX C/yvyadHbIX BeJIMYUH: pa3bop

npumepa ll

YcnosHble pacnpefenenuna Y | X = x.. lenum Ha MapxuHanbHoe
pacnpegeneHune X, B KQXXA0W CTPOKe Tenepb OTAeNbHOe pacnpeaeneHme:

X\Y 0 1 2 X\Y 0 1 2
0 1/4 0 0 1/4 0 17 0 0
1 /4 1/ 0 1/2 1 1/2 1/2 0
2 1/16 1/8 1/16 1/4 2 1/4 1/2 14

Kak Buanm, ycnoBHble pacnpeaeneHns Y | X = X; pasHble B pasHbIX CTPOKaAX,
OTKyJa elle pa3 cnegyert 3aBUCUMOCTb X 1 Y.



YcnoBHOe pacnpegesieHue AUCKPETHbIX C/yvyadHbIX BeJIMYUH: pa3bop

npumepa lll

YcnosHble pacnpegenenuna X|Y = y.. lenum Ha MapxuHanbHoe
pacnpegeneHue Y, B KOXA0M cTon6Le Tenepb OTAeNbHOE pacnpeaeneHue:

X\Y 0 1 2 X\Y 0 1 2
0 1/4 0 0 0 4/9 0 0
1 1/4 14 0 1 4/9 2/3 0
2 1/16 1/8 1/16 2 1/9 1/3 1

9/16 3/8 1/16

Kak Bugum, yCnoBHble pacnpegeneHunsa X |Y = Yj PasHbie B PasHbiIX cTon6buax,
OTKYy[a elle pa3 cegyeT 3aBUCMMOCTb X 1 Y.



YcnoBHOe pacnpegesieHue AUCKPETHbIX C/yvyadHbIX BeJIMYUH: pa3bop

npumepa IV

CoBmecTHOe pacnpegeneHne YunzZ=X-Y:

Z\Y 0 1 2

0 1/4 1/& 1/16
1 14 1/8 0
2 1/16 0 0

Y 1 Z 3aBucumble (TOMbKO MOTOMY, UTO PacCMaTPMBAIOTCA CEMbN He 6onee yem C
ABYMSA AeTbMU, TaK UTO Uem 60nblie JeBoUYEeK B CEMbe, TeM BEPOATHOCTb
(ycnoBHas) TOro, UTo MeHblle ManbYMKOB, Bbille).



YcnoBHOE maToXXxugaHue AUCKPETHbIX CJ'Iy'-I&I?IHbIX B€JINYMUH

OnpepeneHue
BennunHa

E(Y|X = X,') E Z YiPj\i
j

Ha3blBaeTCA YC/TOBHbIM MaTeMaTUYeCKUM OXUAaHNEM Y npun ycnosun X = X;.
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YcnoBHOE MaTOXKUAAHUE AUCKPETHBIX CIyYaiHbIX BEJIMMUH: pa3bop npu-

mepa V

Hangem ycnosHble matoxuganus E(Y | X = x;) M E(X| Y = yj). YcnoBHble
pacnpenenenus Y| X = x. (no ctpokam) n X| Y = 7 (no cton6uam)

X\Y 0 1 2 EY|X=x) X\Y 0 1 2
0 1 0 0 0 0 4/9 0 O
1 1/2 1/2 0 1/2 1 4/9 2/3 0
2 14 1/2 1/4 1 2 179 1/3 1

EXIY=y) 2/3 4/3 2

L



YcnoBHOE maTtoXXKujgaHue AUCKPETHbIX Cﬂy‘laﬁHbIX BE€JINYMUH KaK cnyqaﬁ-

Hada B€JINYUHaA

OnpepeneHue
CnyuaniHas BenuumHa E(Y | X), npuHumatowas 3Hayenmns E(Y | X = x;) npu

w € {X = X;} Ha3bIBAETCA YCNIOBHbIM MaTeMaTUYECKUM OXUAAHUEM Y Npu
ycnosuu X.

3ameTum, 4TO yCNOBHOE MaTeMaTnyeckoe oxuaaHue E(Y | X) asnaetca dyHKkumen
ycnoBus, T. . HekoTopon cyHkumen o(X).
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YcnoBHOE MaTOXKUAAHUE AUCKPETHBIX CIyYaiHbIX BEJIMMUH: pa3bop npu-

mepa Vi

3anuwem ycnoBHble matoxuaanus E(Y | X) n E(X | Y) kak cnyvaHble BEUYKHbI.

E(Y|X) =

EX|Y) =

[0 x-=o0,
172 X=1, = E(Y|X)=X/2
1 x=2

(2/3 v=0,

4I3 Y=1, =>E(X|Y)=2(1+Y)

3

2 v=2

dopmyny, Kak B NpaBo KONOHKe, Nogo6paTth He Bceraa yaaeTcs, HO B BUae
nepeyncrieHns ycnoBHOE MaTOXMAaHUe 3a1aTb MOXXHO BCeraa.
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YcnoBHOE maToXXxugaHue AUCKPETHbIX CJ'Iy'-I&I?leIX BE€JIUMUH: NpUMep

MycTb X, Y — HE3aBUCKMbIE CllyYaliHble BETMUMHDI, UMEIOLLE FEOMETPUYECKOE
pacnpegeneHue:

PX=R) =P(Y=R)=qg*"p, g=1-p, k=1,2,..
Hanpgem ycnoBHOe pacnpeaeneHue
PX=R|X+Y=n), k=1,2,..,n-1,
nycnoBHoe cpegHee

E(X| X +Y = n).
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YcnoBHOE MaTOXKUAAHUE AUCKPETHBIX CIyYaiHbIX BEJIMMUH: pa3bop npu-

mepa

Hangem cHauyana BepoATHOCTb

n-1 n-1

P(X+Y =n)-= Z PX=i,Y=n-i)= Zq’”p " 'p = (n-1)g"2p.

i=1 i=1

Torpapgnak=1,..,n-1
PX=RX+Y=n) PX=RY=n-k) q*¥'p.-q"*"
PX = k| XY = ) = ( +Y=n) P )& pa P 1
P(X+Y =n) P(X+Y =n) (n-1)g"2p2 n-1
T.€. NOJIyYnIn paBHOMEpPHOe pacnpefeneHne Ha Toukax 1, 2, ..., n - 1. lloatomy
E(X|X+Y=n)= n1—1 Sl =n/2, v 3Hauur,
X+Y

E(X|X+Y)= .

15



YcnoBHOe pacnpegeneHue HenpepbiBHbIX C/lyvaiiHbIX BEJIMMUH: onpeje-

JieHue

Myctb U = [X',Y']" — cnyyanHbin Bektop, X € R™, Y € R", f(x,y) — coBMmecTHas
MNOTHOCTb pacnpeaeneHuns.

OnpepeneHue
OnpepeneHne. QyHKUMA

f(x,y) fx,y)
flylx)= =
Ha3blBae€TCA NNOTHOCTbIO YC/IOBHOIO pacnpeneneHnsa BeJiIn4nHbl Y npuycnosun
X =X.

B onpepenenunn x hmkcupoBaHo, f(y | x) TpakTyeTcs Kak yHKLNA V.

OHa onpesiensetca Ana Tex x, Ans Kotopbix fy(x) > 0.
16



YcnoBHOe pacnpejeieHne HenpepbiBHbIX C/ly4aHbIX BEJIMYUH: COAEpIKa-

TeJIbHbIA CMbIC

CopepxaTenbHbIN CMbICA:
P(X € dV, Y €dV,) f(xy)ldVlldV,| flxy)ldy,|
PXedv) £V T fix) ]

UTO N onpaBAbliBaeT TEPMUHONTIOTNIO onpeaeneHns.

P(Y € dVy | X edV,)=

B nanbHenwem Ana NpocToTbl 6yaem paccmaTpuBaTb CUTYaUmMo m = n = 1, XoTd
pe3ynbTaTbl C OUEBUAHON MONPABKOW HA Pa3MEePHOCTb BEPHbI 1 B MHOTOMEPHOM
cnyuae.
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YcnoBHOe pacnpepeneHue HenpepbIBHbIX Cy4YaWHbIX BEJIMMUH: CBA3b C

HE€3aBUCUMOCTbIO

lpepnoxexune
CnyyauHblie sesiuquHbl X U 'Y, umerow,ue HenpepbieHoe CO8MeCmHoe

pacnpedesnieHue, He3asucumblie mo20a U mosibKo mo29da, K020a yC/108Hble
nnomHocmu f(y | x) eenuduHbl Y npu ycnosuu X = X He 3asucam om X (u
cosnadaiom ¢ MapxuHanabHol nnomHocmoio f,(y)).

JloKa3aTenbCTBO.

[evicteutensHo, ecnu f(y | x) = f(y) (He 3aBucar ot x), 1o f(x,y) = F(X)f(y),
otkyaa f(y) = [ f(x,y)dx = [7% f,()f(Y)dx = f(y) m f(x,¥) = f(x)f (y), uTO W
O3Ha4yaeT He3aBUCUMOCTb. ]

AHanornyHoe npeanoXxeHne CNpaBeannBo 1 AN YCNOBHbIX pacnpeseneHunn
f(x|y) BennuuHbl X npu ycnosun Y = y.
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YcnoBHOe pacnpegeneHue HenpepbIBHbIX C1y4YalHbIX BEJIMMUH: NpUMep

Ha oTpe3ke [0, 1] cnyyaiiHbiM 06pa3om Bbi6MpaeTCa ToUka X, 3aTemM Ha OTpe3ke
[0, X] cnyyanHbiMm 06pa3om BbibupaeTca Touka Y. Hantu Cov(X, Y).

dpasa «cnyyanHbiM 06pa3om Bbl6MPAETCS TOUKA ...» 03HAUAET, UTo
COOTBETCTBYHOLWAA CyyanHasa BeIMUMHA MMEET paBHOMEpPHOe pacrnpeaenexue
Ha COOTBETCTBYIOLLEM OTPE3KE.
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YcnoBHoe pacnpegesieHue HenpepbiBHbIX C/y4aiHbIX BEJIMMUH: pa3bop

npumepa

MnoTHOCTb pacnpepeneHnsa X ectb

17 XE[OI1]7

= {o, x &[0,1].

Ecnu x € [0, 1], TO ycnoBHasA NAOTHOCTb BeNMUMHbI Y npu ycnosum X = X, eCTb

1/x, y€l0,x],

Py 1202 lo, x &[0, x].
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YcnoBHoe pacnpegesieHue HenpepbiBHbIX C/y4aiHbIX BEJIMMUH: pa3bop

npumepa ll

0603Haumm yepes D TpeyronbHUK {0 < y < x < 1}. Toraa coBMecTHast NNOTHOCTb

f(x,y) ectb
1/x, (x,y) €D,

F6y) = H0fy kY 1 %) = [0, (x,y) & D.

MosTomy

E(XY):szyf(x,y)dxdy= /[Dydxdy='[01 (foxydy)dx=/:x2/2dx=x3/6 1 = %

0
MnoTHOCTb MapPXWHaNbHOIoO pacnpeneneHns Y ecTb
Tdx
£ = [ fxydx= [Tty 0<y <,
R y X

nostomy E(Y) = —f01 ylnydy = 1/4. Kpome Toro E(X) = 1/2. No3aTomy
Cov(X,y)=1-1.1_1 2



YcnoBHOE maTto)XxugaHume HenpepbiBHbIX Clly‘-la.ﬁHbIX BE€JIUMMUH: onpeaene-

Hue

OnpepeneHue 5 o
Ecnm [X',Y'] — HenpepbIBHbINA CNlyYanHbi BEKTOP, TO PYHKLNA

000 =E(V1X=x)= [ yf vl xdy
RN

Ha3blBAETCS YCNOBHbIM MaTeMaTUUYeCKUM Y npu ycnosum X = x.

Ecnn cnyyaiiHaa BenuumnHa X BbipoxaeHHas (T.e. P(X = x) = 1), To no
onpepenenuto E(Y | X = x) = E(Y).

OnpepeneHuve
OyHKLMA O(X), X € R Ha3bIBaeTcs yHKUMen perpeccun Y Ha X.

OnpepeneHue
CnyyarHaa BennuymnHa @(X) Ha3biBAeTCA YCIOBHbIM MaTeMATUUYECKUM OXMUAAHMEM

Y npu ycnoBuu X, o6o3Havaetcs E(Y | X). 2



YcnoBHOE mMmaToXXugaHue HenpepbiBHbIX cnyqaﬁﬂux B€JINYUUH: CBA3b C

HE€3aBUCUMOCTbIO

Ecnn X n Y He3aBUCMMbI, TO YCNOBHOE pacnpefeneHne COBMagaeT ¢ 6e3yCcnoBHbIM
1, 3HAYUT, YCIOBHOE MaTeMaTUUYeCcKoe OXuaaHue cosnagaeT c 6e3ycnoBHbIM.

NleiCTBUTENbHO, NYCTb, HAaNpUMep, BEKTOP [X, Y] HenpepbiBHbIN N KOMMOHEHTbI
X, Y HenpepbiBHbI. Toraa f(X, y) = fx(x)fy(y)r fy|x(y I X) = fy(X) "

000 =E(V1X=x)= [ vy 1x0dy = [ vy = E.
R R

23



CeoicTBa YC/NNIOBHOINro maréMmatudecKkoro oxxkugaHmAa

MycTtb X, Y — cnydanHblie BEMUYUHDI.

1. NuHenHocTb: E(aY, + bY, | X) = aE(Y, | X) + bE(Y, | X) ansa nwobbix a, b € R
2. MpaBnno NOBTOPHOIO YCIOBHOIO MaTeMaTUYECKOro OXUAAHUSA
(Teneckonuueckoe cBoMCTBO, chain rule): ecnn g: R -» R — (HecnyyvaiiHasn)
(pyHKUNSA, TO
E(E(Y | X) [ g(X)) = E(Y | g(X)).
B uactHocTn, E(E(Y | X)) = E(Y).
3. Nyctb g: R - R — (HecnyyanHas) dyHkums. Toraa

E(g(X)Y [ X) = g(X)ECY | X).
4. Ecnu X n Y He3aBucumsl, To E(Y | X) = E(Y).
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CBoO#CTBA YC/IOBHOr0o maremarTu4eckoro oxxunaasus li

5. ONTUMU3aUNOHHOE CBONCTBO YCNOBHOMO MAaTeMaTUYeCKOro OXngaHusa
Mpepnoxexune 5
lycmb Y — ckansipHas cnyyauHas eenuyuHa u f(-) — yucnoseas usmepumas
yHkyusa. Toeda MUuHUMYM cpedHekeadpamu4yHo20 omknoHeHus E(Y - f(X))?
docmuzaemcs npu f(-) = @(-), m. e. pyHkyus @(-) sensemcsa peweHuem 3a0ayu

= 2_>
E(Y - f(X)) e

25



CBoO#CTBA YC/IOBHOro maremaruueckoro oxxuaanus il

JloKa3aTenbCTBO.
Jlokaxkem, uto ans n6éon pyHkumn f(-) BbINONHEHO HEPABEHCTBO

E((Y = FX))* 1 X) 2 E((Y - @(X))* | X). (1)
Vimeem

E((Y - OO 1X) = E((Y - @(X) + @(X) - f(X))* | X)
= E((Y - 0(X))* 1 X) + E((0(X) = F(X))* 1 X) + 2E((Y - 9(X))@(X) - (X)) | X)
= E((Y - @)Y 1 X) + (0(X) = FOO))* + 2((X) = FXDE(Y - (X) | X).
MocnepHee cnaraemoe paBHoO 0O:
E(Y - @(X) | X) = E(Y | X) - E(@(X) | X) = @(X) - (X) = 0.

BTopoe cnaraemoe HeOTpMLATENbHOE, N HePaBEHCTBO A0Ka3aHO. OCTaeTcs B3ATb
MaTeMaTUueckoe oXuaaHue o6eunx yactenn HepaseHcTsa (1). O 5



CBoO#CTBA YC/IOBHOro maremaruueckoro oxxuaanus il

6. Nyctb g: R - R — (HecnyyanHan) uncnosas yHkuua. Toraa
Cov(g(X),Y - E(Y| X)) = 0.
[lencTBuTenbHoO, Tak Kak E(Y - E(Y | X)) = 0, TO

Cov(g(X), Y - E(Y| X)) = E(@(X)(Y - E(Y | X))
= E(E(g(X)(Y - E(Y 1 X)) | X)) = E(g(E((Y - E(Y | X)) | X)) = O.

B npunoXeHusax ciyyaiiHyio sennunHy X (unu ee 06061ieHNe) TPAKTYIOT Kak
NMEILLYCA B HAaNUYMmn nHgopmaumio. Torga ycnosHoe oxumaaHue E(Y | X)
MOXXHO UHTEPMNPETMPOBATb, KAK MAKCUMANIbHO AOCTYMNHYIO «MHDOpPMaLMio» 0
CnyYyanHomn BenmumnHe Y. OnpaBaaHnem 3TOMy ClyxaTt CBOWCTBA 5 1 6:

« MUHUMYM CpeiHeKBaAPATUYHOW OLINGKN

« To, uTo ocTanocb B Y, a umeHHOo Y - E(Y | X), y)xe He koppenupyeT ¢ X
27



YcnoBHOE maTemaTuydeckoe O)XuagaHme: npumep

MycTb COBMECTHAas NOTHOCTb CTyYaNHbIX BeNUUMH X 1 Y ecTb

X +

flx,y)=1 3
0 B OCTa/NbHbIX Cnyyasx.

y' ecm0sx<1,0sys<2,

Haitu E(Y | X), E(X| Y).

28



YcnoBHOE MaTeMaTU4YeCKOoe OXKuAaHue: pa3bop npumepa

Map)xuHanbHbie NIoTHOCTK f,(X), f (V) PaBHbI COOTBETCTBEHHO

2x+y o xy+Yy2 22 2(x+1)
£00= [ sy = [y - FILEN S0 e o)
R 0 0
Tx+y x2[2+yx|" 2y+1
)= [ foayx= [ Sax - ST yeqo2)
R 0 0
YCNoBHble NNOTHOCTK fv|x(y | %), fX|Y(x | v) paBHblI COOTBETCTBEHHO
HMHXFfth=X+y y € [0,2], onpepenena npu x € [0, 1],

fux) — 2(x+ 1)’
_flay) _2x+y)
fly) 2y«

leY(x B%) x € [0,1],onpepeneHa npu y € [0, 2].
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YcnoBHOe maTemaTuyeckoe o)xxugaHue: pasoop npumepa ll

YCNOBHble MATOXUAAHUA PaBHbI

2 3 2
X+y Xy /2+y/3) 2x+8/3
E(Y|X = = = , . 0,1],
(vl X) f y X+1 ( 2(x+ 1) 0 2(x + 1) ST, P 28 L 1)
T 2(x+y) 2(><3/3+)/X2/2))1 2/3+y
E(X|Y =v) = = = . 21.
XY =y) f0x2y+1dx ( 2y + 1 Sy npu y €[0,2]
CoOTBETCTBEHHO,
6X +8 2+3Y
Y|X)= E(X|Y)=
(V1X)= gy EXIN =505
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HesaBucumocTs B cpegHem

OnpepeneHue 3
[OBOPAT, UTO C/lyyanHas BefiMuYnHa Y He 3aBUCUT OT X B cpefiHeM, eC/in yCNoBHOe

matoxuganue E(Y | X) He 3aBucut ot X.

B oTnnume oT 06bIYHON HE3ABUCUMOCTM U HEKOPPENNPOBAHHOCTY CBONCTBO
HE3aBMCMMOCTM B CpeAHEM HecummeTpuyHoe. Tak, B npumepe X ~ N(0,1), Y = X?
BbinonHsAeTcs paBeHcTBO E(Y | X) = X2, T. e. Y 3aBUCUT OT X B CPeHEM, HO

E(X|Y) =0 (npu bukcupoBaHHOM Y = y BefinuMHa X MPUHUMAET ABA 3HAUEHUA:
-JV 1 \/y C paBHbIMU BEPOATHOCTAMM), T. €. X He 3aBUCUT OT Y B CpefiHEM.

He3aBncmmocTb B cpeaoHeM 4YacCTo ncnonb3yeTcd npu ebiBoae CBOWNCTB OLLeHOK
KO3Cb(bI/IU,I/I€HTOB B perpeCcCMoHHbIX moaenax.

31



Hes3aBucumocTtb B cpeHEM, HE3aBUCMMOCTb M HEKOPPE/IMPOBAHHOCTb

Mpepnoxexune .
[Mycmb X, Y — cnyyauHble senuyuHbl. To20a

1. u3 Hesasucumocmu X u Y cnedyem He3zasucumocmb 8 cpedHem (kak Y om X,
mak u XomY)

2. u3 Hezasucumocmu e cpedHem Y om X (unu X om Y) cnedyem
HekoppenuposaHHocmb X U Y

JloKa3aTenbCTBO.
1. 3TO CBOWCTBO 4 YC/IOBHOTO MATOXWUAAHUSA.

2. NMyctb E(Y | X) He 3aBucuT ot X (1 3Haumnt E(Y | X) = E(Y)). Toraa
E(XY) = E(E(XY | X)) = E(XE(Y | X)) = E(XE(Y)) = E(X)E(Y), oTKyAa u nonyyaetcs,
uto Cov(X,Y) = 0.
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OnpepeneHue
Benuuuna E((Y - E(Y | X))? | X) Ha3biBaeTcsA ycnosHon ancnepcuen. 0603HavaeTcs

Var(Y | X).

AHANOrMUYHO O6bIYHON JUCMEPCUM BbINONHSAETCA PABEHCTBO
Var(Y | X) = E(Y? | X) - (E(Y | X))%.

Npeanoxenue (hopmyna ycnoBHo gucnepcum)
BeinonHsiemcsi pageHcmeao Var(Y) = E(Var(Y | X)) + Var(E(Y | X)).

Jloka3aTenbCcTBO.

E(Var(Y | X)) + Var(E(Y | X)) = E(E(Y? | X) - (E(Y | X))?) + E(E(Y | X))?) - (E(E(Y | X)))?
= E(E(Y? | X)) - E((ECY | X))?) + EE(Y | X)?) = (E(EY | X)))* = E(Y?) - (E(Y))? = Var(Y)
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an/IJ'IO)KEHMe: reomeTputecKkas MHTepnpeTauunda ycJioBHOro maremarunie-

CKOro OXXuAaHus i

YCnoBHOE MaTEMATMUECKOE OXMAAHME AONYCKAET CeayoLLyo reoMeTpuyeckyto
NHTEpnpeTaymio.

Myctb (Q, ¥,P) — HEKOTOPOE BEPOATHOCTHOE NPOCTPAHCTBO. 0603HaUMM yepe3
L2 MHOXeCTBO BCex CryyaiiHbix BennumnH {€} Ha 3TOM NPOCTPAHCTBE, TaKMUX YTO
E(E?) < +o, T. €. UMEIOLMX BTOPblEe MOMEHTbI. HETPYAHO NPOBEPUTb, UTO
OTHOCUTENbHO 06bIYHOTO CIOXEHUA C/TYYANHbBIX BEMUUUH U YMHOXEHUS UX HA
YMC/I0 3TO MHOXECTBO ABNAETCS IMHENHbIM NPOCTPAHCTBOM. OTMETMM, UTO €CNn
NPOCTPAHCTBO 3M1eMEeHTaPHbIX NCXOA0B Q) 6€CKOHEUYHO, TO MPOCTPAHCTBO L2
ABNAETCS 6ECKOHEYHOMEPHbIM NIMHENHbIM MPOCTPAHCTBOM.
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an/IJ'IO)KEHMe: reomeTputecKkas MHTepnpeTauunda ycJioBHOro maremarunie-

CKOro o)XxugaHusa ii

BBenem B 3TOM NPOCTPAHCTBE CKAaNspHOe Npon3BefeHme:

(§n) = E(§-n) (2)

MO>HO NpPOBepuTb, uTo (2) — CKanAapHoe NpousBeaeHue, T. €. CUMMETPUYHAA
6UNMHENHAA NONOXNTENbHO onpeaeneHHas yHKUMA (C TOUHOCTbIO 40
paBeHCcTBa 0 NouTM HaBepHoe). Takum 06pa3om, NPOCTPAHCTBO L2 cTaHOBUTCS
eBKN1A0BbIM (UMM rMNb6EpPTOBbIM) MPOCTPAHCTBOM.

Kak M3BeCTHO, B 11060M eBKNUA0BOM NPOCTPAHCTBE E CyliecTByeT onepauus
OPTOrOHANbLHOrO MPOELUPOBaAHMSA Ha (3aMKHYTOE) MOAMNPOCTPAHCTBO. A UMEHHO,
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an/IJ'IO)KEHMe: reomeTputecKkas MHTepnpeTauunda ycJioBHOro maremarunie-

CKOro o)XxugaHusa iii

nycTb G — (3aMKHyTOE) NMHEeHoe NoANPOCTPAHCTBO, U NYCTb X — NPON3BOSbHbIN
BekTop u3 E. Toraa cyl,ecTBYIOT BEKTOp y € G 1 BEKTOp z € G, Takme uto

X=y+2 (3)

N pasnoxeHue (3) epmHCTBEHHO. 3anuch z € G 0O3HauaerT, UTo BeKTOop z
OpPTOroHaneH N60OMy BEKTOPY N3 NOAMNPOCTPAHCTBA G. BekTop y B
pasnoxeHun (3) Ha3biBaeTCA OPTOrOHANbHOW NPOEKLMEN BEKTOPA X HA
NognNpoOCTPAHCTBO G. Mpn 3TOM ANIMHA BEKTOPA Z NpeAcTaBAsieT HAaUMeHbllee
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an/IJ'IO)KEHMe: reomeTputecKkas MHTepnpeTauunda ycJioBHOro maremarunie-

CKOro o)kugaHusa iv

paccTosiHMe OT BeKTOpa X A0 Nto60ro BeKTopa B NoanpocTpaHcTee G. UHbiMK
C/I0BaMu, BEKTOP Z eCTb pelleHne cneaytoLleid 3agavm:

(x -w,x-w) > min.

wei

MycTtb X, Y € L2 — cnyvaiiHble BennunHbl. 0603Haumm yepes L(X) MHOXeCTBO
Cny4YanHbix BenuumH suaa g(X), rae g(-) — nponssonbHas n3mepumas pyHKuns.
HeTpyaHo npoBepuTb, uto L(X) — (3aMKHYTOE) NMHEeNnHoe NOANPOCTPAHCTBO B L.
Torpa cBOUCTBA 5 1 6 NO3BONAT UHTEPNPETMPOBATbL YCIOBHOE MAaTEMATUUECKOE
oxungaHue E(Y | X) Kak OpTOroHanbHy npoekuuio Bektopa Y Ha
noaAnpocTpaHcTBOo L(X). B 3TOM MHTepnpeTauun Teneckonmyeckoe CBOMCTBO
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an/IJ'IO)KEHMe: reomeTputecKkas MHTepnpeTauunda ycJioBHOro maremarunie-

CKOro o>xugaHma v

YCNOBHOI0 MaTOXnNAaHNA — 3TO NPOCTO TeopeMa O Tpex nepneHanKynapax, a
ONTUMN3aLUNOHHOE CBOWCTBO €CTb cneacreue Toro cbaKTa, UYTO OpPTOroHasibHad

npoekumna peannsyet MUHMUManbHoOe pacCTodaHUE OT BEKTOpa A0
noanpocCTpaHCTBa.
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